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NO ARBITRAGE WITHOUT SEMIMARTINGALES 

By Robert A. Jarrow, Philip Protter^ and Hasanjan Sayit 

Cornell University, Cornell University and Worcester Polytechnic Institute 

We show that with suitable restrictions on allowable trading 
strategies, one has no arbitrage in settings where the traditional the- 
ory would admit arbitrage possibilities. In particular, price processes 
that are not semimartingales are possible in our setting, for example, 
fractional Brownian motion. 

1. Introduction. In 1997, Rogers [18] showed that fractional Brownian 
motion could not be used as a price process for a risky security without intro- 
ducing arbitrage opportunities. In related work, Delbaen and Schachermayer 
in 1994 ([5], see also [7]; also [19] and [11] present expository treatments) clar- 
ified the concept of no arbitrage by introducing their fundamental concept 
of "No Free Lunch With Vanishing Risk" (NFLVR) and inter alia showed 
that as a consequence of the Bichteler-Dellacherie theorem, a necessary con- 
dition for a price process to have NFLVR was that it be a semimartingale 
(see [19] for a nice exposition of this). This insight clarifies the situation of 
fractional Brownian motion illustrated by Rogers, since fractional Brownian 
motion is not a semimartingale for most parameter values. Subsequently in 
his thesis, Cheridito [4] showed that if one properly restricts the class of 
permissible trading strategies, one can use fractional Brownian motion as a 
price process and still maintain NFLVR. To accomplish this task, his restric- 
tion effectively eliminates those strategies that Rogers had used to illustrate 
arbitrage. Continuing this line of inquiry, when restricting trading strategies 
in a manner similar to that proposed by Cheridito, this article attempts to 
find a general class of processes, which need not be semimartingales that do 
not permit arbitrage. 

The idea is to disallow continuous trading, and moreover to require a 
minimal fixed time between successive trades. The fixed time can be as 
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small as one likes, but once chosen, it cannot be changed. This disallows a 
clustering of trades around a fleeting arbitrage opportunity, such as might 
occur from a drift process that the random generating process cannot "see." 
An example might be Brownian local time and Brownian motion, where 
since the support of the local time is on a (random) set of Lebesgue measure 
zero, the Brownian motion cannot see when it changes. 

This line of inquiry is important for two reasons. First, price processes 
which are not semimartingales are appearing more regularly in the empir- 
ical literature estimating stock price processes (see Lo [14] and references 
therein), and our methods would provide tools that can be used to determine 
whether these more general processes are consistent with NFLVR. Second, 
recent derivatives research has emphasized the importance of transaction 
costs and illiquidities on restricting the class of permissible trading strate- 
gies (see Soner, Shreve and Cvitanic [20] or Jarrow and Protter [12]), for 
example, continuous trading strategies generate infinite transaction costs 
under reasonable models of such costs, and those of unbounded variation 
generate infinite liquidity costs in any finite time interval. As such, these 
trading strategies could never be used in practice, even if it were physically 
possible to trade continuously. Without modeling these trading costs explic- 
itly, restricting the class of trading strategies as done by Cheridito provides 
us with a market setting that implicitly incorporates these trading costs, 
but maintains the analytic tractability of frictionless markets. Thus, our pa- 
per finds those price processes consistent with NFLVR when possible, but 
also goes beyond those price processes having NFLVR to encompass a larger 
class. It does this for an extended class of derivative pricing models, without 
explicitly incorporating transaction costs and illiquidities. 

To state the main result of this paper, we need two quick definitions [and 
we let F = {J^t)t>o denote the underlying filtration satisfying the "usual 
hypotheses"]. 

Definition 1. The set of simple predictable integrands with bounded 
support is given by 5(F) = {5iol{o} + E"=i 5'jl(rj,T,+i] : > 2, < n < • • • < 
r„, where all of the tj are F-stopping times; go is a real number, and the gj 
are real J-'rj measurable random variables and r„ is bounded}. 

We give the name Cheridito Class to the trading strategies defined next; 
we abbreviate it as the class CC. 

Definition 2 (Cheridito class of trading strategies). For any h> 0, let 
S\¥) = {5ol{o} + E"=i'5il(r„r,+i] G S(F) :Vj,r,+i > T, + h} and let n(F) = 
Uh>o ^^{^)- n is the class CC of trading strategies. 
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Let K = {{H ■ S)oo\H G n(F)} denote the outcome of the corresponding 
trading strategies for the price process S. 

Definition 3. We say S satisfies the no arbitrage property with respect 
to the Cheridito Class U{¥) if n = {0}. 

Theorem 1. Let S = {St)t>o be a continuous semimartingale that sat- 
isfies the NFLVR property with respect to general admissible integrands such 
that 

(*) [S,S]t+h-[S,S]t>5ih) 

for all t>0 and any h> 0, and for a positive nonrandom increasing func- 
tion 5{-) with 5(0) = and 6{h) > for h> 0. Assume [S, S]t is bounded for 
each t. Then for any adapted cddldg,'^ process V which is bounded in [0,T] 
for each finite T > 0, the process Y = S + V does not have arbitrage in n(F). 

We remark that there are essentially no hypotheses on the bounded pro- 
cess V other than it be cadlag and adapted to the underlying filtration; 
for example, it need not have paths of bounded variation. However, simple 
examples show that the requirement that V be bounded is key. 

In this paper, we will also establish related results, consider a different 
but still restrictive class of trading strategies and prove some useful tools 
that will allow us to exploit Theorem 1 and give some important examples. 

2. Theorems. As stated in the Introduction, we will assume given a com- 
plete, filtered probability space (O,^, P, F) satisfying the "usual hypothe- 
ses" (i.e., the filtration of a algebras F is right continuous, and J-q contains 
all of the P null sets of J-). Let M[P) be the collection of probability 
measures on {^^J-) that are equivalent to P and we set LP = L^{Q,J^,P), 
= {r]eL^: P(?? > 0) = 1 and P{r] > 0) > 0}, L^__ = {r] e : P{r] < 0) = 
1 and P{r] < 0) > 0}, and _ =L^\ {L% U „). 

We begin with a lemma which is the key tool in our analysis. It gives 
a necessary and sufficient condition for a process in class CC to have no 
arbitrage. 

Lemma 1. A process Xt,t€ [0,oo) satisfies the no arbitrage property in 
n(F) if and only if for any two bounded stopping times n > tq + /i with 
h> 0, and any A G we have 1^(X^^ — Xj-^) G -L^ . 



^Cadlag is the French acronym for "right continuous with left limits. 
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Proof. Let PAi-) denote the measure -Pa(') = ^p(a)^ ^or any A 
with P{A) > 0. Let tq, ti be two stopping times with ri > tq + h. Assume X 
does not have arbitrage but PA{Xr^ > Xr^^) = 0; then Xj-^ < Xr^ as. on A. 
If X-j--^ < Xtq with positive probabihty on A, we take V = —1a^{to,ti] ^ 'S'(F) 
and it is an arbitrage strategy for X. This leaves us the only possibility 
Xr^ = Xra a.s. on A, which is PA{Xri = Xr^) = 1. If PaI-^^ti < XrJ = in 
the same way, we can show Pa{Xt-^ = X^-p) = 1. Now, if Pa^Xt^ = Xr^,) < 1, 
then either Pa^Xt^ > Xj-q) > and Pa{Xt-^ < Xj-g) > or one of them is zero. 
But if one of them is zero, we should have Pa{Xt-^ = Xt-q) = 1 as we showed 
above and this contradicts P^(Xt-j = Xr^) < 1. So, if P^(Xt-j = Xtq) < 1, 
then P^(Xt-j > X-rg) > and Pa{Xt-i < Xj-^) > 0. This proves the sufficiency. 

To prove the necessary part, assume there is F = go^{o}+J2]Zi 9j^{Tj,Tj+i] £ 
S{F) with P{gj / 0) > for some j G {1, 2, . . . , n - 1} such that {V ■ X)t > 
a.s. and P{{V ■ X)t > 0) > 0. Let 

k = minj/ : P{gi / 0) > 0, - X^^) > 0^ = 1, 

p(ll^9j{Xr,^.-Xr,)>^ >0|. 

If A; = 1, then P{gi / 0) > and giiX^.^ - X^J > a.s. and 5i(X^2 ~ ^n) > 
with positive probability. Let C = {gi (X-^j — X^^ ) > 0} and Ai = {gi > 
0}, ^2 = {51 < 0}. Then P{C) > and either P{C n Ai) > or P(Cn ^2) > 
0. So, assume P{C n ^1) > 0, since Ai G by hypothesis either Xj-^ = 
Xri a.s. on Ai or PAi{Xr2 > Xr^) > and Pai{Xt2 < -'^n) > 0. But since 
P{Ai n C) > 0, both Xr2 = Xr^ a.s. on Ai and PA^iXr^ < Xr^) > cannot 
happen, this contradicts with the hypothesis. If we assume P{C n A2) > 0, 
we also reach the same contradiction, so k> 1. 
Now, if A; > 1 then either 

fc-i fc-i 

9j (^r,+i - Xr^ ) < a.s. or ^ gj (X^^.^, - Xr^ ) < a.s. 
j=i i=i 

with positive probability. First assume J2^Zi gjiXr^+i — Xr^) < a.s. and 
let Ai = {gk > 0} and A2 = {gk < 0}. Since / 0) > 0, we have ei- 

ther P{Ai) > or P{A2) > 0. If P{Ai) > and ^(^2) = 0, then = 
Xt-2 a.s. on Ai cannot happen because P{J2j=igjiXrj^^ — Xr^) > 0) > 
so PAi{XT-f._^_-^ > Xr^) > and (Xt-j._|^j < Xr^) > and this contradicts 
P{Ej=i gjiXrj+i - Xr^) > 0) = 1. If P{Ai) = and ^(^2) > by the same 
argument as above, we can find a contradiction. If P{Ai) > and P(^2) > 0, 
then both Pa^ (-^rfe+i = X^,. ) = 1 and Pa2 (-^rfe+i = X^,. ) = 1 cannot happen 
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at the same time. So, either (^Tfe+i > Xr^. ) > and P^i {Xrk+i < X^-^ ) > 
or PA2iXri^^-^ > ^Tfc) > and Pyijl^rfc+i < X^,,) > 0. In either case, it con- 
tradicts P{Ej = l9jiXr, + i - Xr,) > 0) = 1. 

Now assume X]j=i S'jl^Tj+i ~ Xtj) < with positive probabihty. Let C = 
{E^jZl 93 {Xr,+, - Xr^ ) < 0}, then P{C) > 0. And we have Pc{gk / 0) > be- 
cause if Qk = a.s. on C, then P{J2j=i gj{X.j-j^-^ — Xr^) < 0) > a contradic- 
tion. So, we either have P{CnAi) > or have P(Cn ^2) > 0. We know both 
CnAi and C n A2 are in J^r^ ■ Now if P{C n Ai) > 0, then PcnAi {Xr^^^ = 
X-r^) = 1 cannot happen because if not we wih have J2j=i djiXrj+i — Xrj) < 
on C n Ai, a contradiction. So, we have PcnAi{Xr^_^-^ > Xr^) > and 

PcnAi {XTk_^_^ < Xr^ ) > by hypothesis and this contradicts -P(X]j=i 9j (-^rj+i — 
Xrj) > 0) = 1. If P{C n A2) > analogously, we reach a contradiction and 
complete the proof. □ 

This lemma allows us to prove that the collection of price processes with- 
out arbitrage for the class CC is closed under composition with strictly mono- 
tonic functions. 

Theorem 2. Let S = {St)t>o be a cddldg stochastic process adapted to 
the filtration ¥ and let f be any strictly increasing or strictly decreasing real- 
valued function in a domain of the real line that contains the range of X. 
Then the no arbitrage property of X in the class CC or 11 (F) is equivalent 
to the no arbitrage property of Yt = f{St) in the class CC or n(F), under 
any measure Q £ M.{P). 

Proof. Since Xf satisfies the no arbitrage property by Lemma 1 for 
any n > tq and any A G J^tq, we have 1a (^n — Xr^) G L^_{^l,J^,P). This 

implies that 1a(/(Xt-j) — f{Xj-g)) G {i^,J-,P) for any strictly monotone 

function /. So, again by the above lemma, the process f{Xt) also satisfies 
the no arbitrage property. Since Xt = g{f{Xt)) for the inverse function g of 
/, by the same argument we know the no arbitrage property of f{Xt) also 

implies the no arbitrage property of Xt. Also, we have ^ G {Q,J-,P) if 

and only if ^ G L^_{^,J-,Q) when Q is equivalent to P. So, the claim in 
Theorem 2 is true for any Q equivalent to P. □ 

Since Cheridito (see [4]) has shown that fractional Brownian motion has 
no arbitrage in class CC, we have the following corollary. 

Corollary 1. Let f be any strictly increasing or decreasing function 
on M and be fractional Brownian motion with Hurst parameter H . Then 
the process Xt = f{B^) does not have arbitrage in class CC, that is, n(F) 
where F is the natural filtration of B^ . 
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Example 1. Let f{x) = e^, then obviously / is a strictly increasing 
function on M. By Theorem 1, the geometric fractional Brownian motion 
process e^* , < t < T does not have arbitrage in class CC. 

The next theorem shows that the property of no arbitrage for class CC 
is preserved under filtration shrinkage. Suppose D is another filtration sat- 
isfying the usual hypotheses, and that Vt C J-'t for every t>0. We have the 
following theorem. 

Theorem 3. Let X be a continuous process adapted to the filtration D, 
and hence also to F. If X satisfies the no arbitrage property in n(F), then 
it also satisfies the no arbitrage property in 11 (B) as well. 

Proof. Take any two bounded stopping times ri > tq + /i, /i > 0, of the 
filtration D. Since D is the subfiltration of F, tq and ti are also bounded 
stopping times with respect to F. Then the no arbitrage property of X in 
n(F) implies, for any A G J^roi by Lemma 1, we have lA{Xri — Xj-^) G -^^4— • 
Since Dt-q C J-tq using again Lemma 1, the result is established. 

Before restating the main theorem announced in the Introduction and 
proving it, we establish a second lemma which we will use in its proof. Note 
that the hypothesis that the stopping times be bounded is essential to the 
truth of the next lemma. □ 

Lemma 2. Let B = {Bt)t>o be a Brownian motion. Let T denote a finite 
horizon time and let <ti <T and <T2 <T be two stopping times with 
T2 > Tl + h for some h > 0. Then for any C > and any A E .Tvj with 
P{A) > 0, we have PA{Br2 - Br^ > C) > and PAiBr^ - Br, < -C) > 0. 

Proof. First, we prove P(sup^£[/j j.] Bg < -C) > and P{mig^[h x] Bg > 
C) > 0. By symmetry, it is enough to prove one of these. So, to show 
P(sup,g[ft Bs < -C) > note that {Bh < -2C, sup,^[h,T] i^s - B^) < C} C 
{sup5g[/j i?s < —C}. Using the independence of the increments of Brown- 
ian motion, and the fact that B]^ is Gaussian and has support over all of M, 
this implies 

p( sup Bs < -c) >p(Bh< -2C, sup {Bs -Bh)<C 

\se[h,T] J \ se[h,T] 

= P(Bh < -2C)P( sup {Bs -Bh)<C 
\selh,T] 

= P{Bh <-2C)p( sup Bs<c)> 0. 

\se[o,T-h] / 
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Let Yt = B-ri+t — B-ri- Since Brownian motion "starts afresh" at stop- 
ping times, Yt itself is also a standard Brownian motion and it is indepen- 
dent from Tj-i - So, PA(supjg[;^ -pj Yt < —C) = P{supt£[h,T] < —C) > = as 
shown above (recall that the event A is independent from Y). But since 
r2 — Ti = z/ is a positive random variable and > /i, we have that its values 
are in the interval [h,T], where PAiYr^-n < -C) = Pa{Yu < -C) > 0. And 
this is equivalent to PA{Br2 — < —C) > as required. The other part 
can be proved by analogously. □ 

We now prove Theorem 1 which is stated in the Introduction. 

Proof of Theorem 1. We first observe that since 5 is a continuous 
semimartingale satisfying NFLVR, we can change to an equivalent probabil- 
ity measure such that is a u martingale; however, since S has continuous 
paths, we can assume it is, in fact, a local martingale. Therefore, we only 
need to prove the following: 

Let X he an adapted process on [0,oo). Assume X has a decomposition 
X = M + V where M is a continuous local martingale and V is any adapted 
process. Further assume M satisfies (*), with both [M,M] and V hounded 
a.s. on [0, t], for each t > 0. Then X does not have arbitrage in n(F). 

Following the idea of Lemma 2, we let ri and T2 be two stopping times 
with T2> Ti + h, and < ti < T2 < T. We only need to show that for any 
event A £ Tr^ with P{A) > we have PAiXr^ > J > and PAiXr^ < 
Xrj^) > 0. Since V is a bounded process, the above is satisfied if we can show 
Pa(M^2 - Mr^>C)> and Pa(M^2 - M^^ < -C) > for any C >. Let 
rjs = inf{t > : [M, M]t > s}; for each s, t?^ is a stopping time for F. Condition 
(*) implies [M, M]t — > oo when t oo. So, if we let Bs = and f3s = Tris i 
then {Bs,(3s) is a standard Brownian motion, and moreover, Mt = B^]^j^j[.f^^ 
(cf., e.g., [16]). Since [M, M] has continuous and strictly increasing paths, 
we have ??[M,M]t = and of course {[M, M]u < s} = {r]s > u} G J^ris and both 
[M, M]t-^ and [M, Mj^-j are stopping times for the filtration (3. Last, note 
that Jvi ^ /3[A/,A/]ri 1 so if ^ an event in , then also A £ f3[M,M]r^ ■ Since 
[M, M] is bounded, so too are the stopping times [M, M]^^ and [M, M]^^ and, 
therefore, by the hypothesis (*) we have [M, Mj^-j — \M,M]r^ > 5{t2 — n) > 
5{h). Then by Lemma 2 we have for any C > 



PA{Mr,-M^,>C) 



PA{B[M,M]r2 



B[M,M]ri - ^) > 



and 



PA{Mr, - Mr, < -C) 



Pa{B[m,m] 



and the theorem is proved. □ 
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3. Examples. 

Example 2. Let X be given by Xt = /g Bs dBg + 1 for t > 0. In this ex- 
ample, the quadratic variation process is /q ds which is strictly increasing 
a.s., and the process Vt = t is a bounded process on [0, t] for each t. However, 
by Ito's formula, we have Xt = ^{Bf + 1), which has arbitrage in the Cherid- 
ito class n(F), and in any other reasonable framework. Here, the martingale 
term Mt = J^BsdBg does not satisfy (*). This shows that the condition (*) 
cannot be easily improved upon. 

Example 3. Let Xt = j^^gdBs + T4 be a continuous process with 
P{Jq fi^ds < oo) = 1 and inf^g[o,T] l^sl ^ ^ foi' some S > and assume Vt 
and fit are bounded adapted processes. Then X satisfies the no arbitrage 
property in n(F) . This follows because Mt = Jq fj-s dBs and [M, M] satis- 
fies (*). 

Example 4. By Tanaka's formula, we have |-Bi| = /q sign (ii?s + Lt^ 
where Lt is the local time at zero of the Brownian motion. Since \Bt\ is a 
positive process beginning from zero, it has arbitrage in H. The local mar- 
tingale part /q sign(i?<i) satisfies condition (*), but Lt is an unbounded 
process in [0,T]. 

Example 5. In Example 4, we now let r = inf{t >Q\Lt> for positive 
N and let Dt = Jq sign(B g) dBs + Lt/\r- Then this process, modified from 
example 4, does not have arbitrage in H. 

Example 6. Consider the processes = /o dBs + Vt on [0, T] . Here, 
a > — ^ and Vt is any adapted bounded process with respect to Brownian 
motion. The quadratic variation of Mt = j^s^^dBs is [M,M]t = j^s^^ds. 
By a simple calculation, we get [M,M]t+h - [M,M]t = 2^[(i + - 
> ^/i2a+i. So, we can let 5{h) = 2^/1^°+^ and the condition of 
the theorem is satisfied. So, the processes Xt do not have arbitrage on n(B). 

The remainder of this section will be devoted to the examples within the 
class of Gaussian moving average processes, which will include the case of 
fractional Brownian motions. This treatment will allow us, en passant, to 
give a new proof of Cheridito's result that fractional Brownian motion does 
not allow arbitrage in CC [4]. What underlies this treatment is the theorem 
that the Delbaen-Schachermayer condition on the price process of NFLVR 
implies that the price process must be a semimartingale. 
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We consider a probability space equipped with a two-sided Brownian mo- 
tion {Wt)teR, that is, is a continuous centered Gaussian process with 
covariance 

Cov(Wt, Ws) = l{\t\ + |s| -\t-s\), t,se M. 

For any function 93 : M ^ M that is zero on the negative real axis and 
satisfies for all i > 0, 

ifit - ■) - ifi-) G L\R,R), 

(1) 

y/= f [^(^t-u)-ip{-u)]dWu, tGR. 

J ~oo 

We recall that a stochastic process (Yi)tgK has stationary increments if for 
aU to G IR, 

Cheridito showed in [4] that the process Y^' is a semimartingale in [0,T] 
for some T > if and only if ip has the following form: 

u -|- y 'ij){s)ds, when t > 0, 
0, when t < 0, 



(2) ^{t) 



where ip G L^(M+,IR) and u G M. A key example is that if we let ip{t) = 
l(o,oo)*^~^^^5 * G i? for G (0,1), then (f{t) does not satisfy equation (2), 
where V-p is not a semimartingale. We note that 

Cov(y/, Yf) = \cl{\t\^" + - It - sp^), t, s G M, 

where 

= + + uf-^'- - n^-V2] du) "\ 

These processes are called fractional Brownian motions. Since these pro- 
cesses are not semimartingales, they cannot satisfy NFLVR, hence by the 
definition of NFLVR, we can conclude that there must exist a sequence 
of simple predictable processes of bounded support such that 

for a function / > 0, P{f > 0) > 0. (The choice of ^ is, of course, arbitrary.) 
We recall the Dalang-Morton-Willinger theorem. 

Theorem 4. Let {Sn)n=o,i,...,N be a process adapted to {J^n)n=o,i,...,N- 
Let 

N 

H = fn-l{Sn — Sn~l), 

n=l 
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where each /„ : — > M is Tn measurable. If H H = {0}, then there is an 
equivalent measure Q such that S is a Q -martingale. 

An easy consequence of this theorem in our setting is the foUowing corol- 
lary. 

Corollary 2. A process X satisfies the no arbitrage property in n(F) 
if and only if for any sequence of bounded stopping times that satisfies ti < 
T2 < ■ ■ ■ < t/vt; Tj+i > Ti + h,i = 1,2, N — 1, for some h > 0, there is an 
equivalent probability measure Q such that {Xi,Ti),i = 1,2, . . . ,N , is a Q- 
martingale. 

We will need the following elementary lemma which we found in [15] . 

Lemma 3. Let (5'j,.7-i){j=o,i,2,...,7V} o,n adapted real valued process 
such that for every predictable process (/ii){i=o,i,2,...,Y} we have that [h ■ 
S)n = J2'h=ihi^Si is unbounded from above and from below as soon as 
{h ■ S)n 0. Then there is a measure Q equivalent to the original mea- 
sure such that (5'i){j=o,i,2,...,Af} ^ Q -martingale for the underlying filtration 

IF = -^{4=0,1, 2,. ..,Ar}- 

The key lemma for this topic is as follows. 

Lemma 4. Let X = {Xt)f>Q with filtration ¥ be an adapted continuous 
process and r be any bounded stopping time. If for any Ag J^^ with P{A) > 
and any < 6 < T < oo, we have P({1^ supjgj^2^](XT-_|_f — X^-) < —C}) > 
and P{{lA^i^he[5,T]i^T+t — Xr) > C}) > is satisfied for allC>0, then for 
any bounded adapted process V , Y = X + V does not have arbitrage in 11 (F) . 

Proof. Fix any sequence of bounded stopping times ti < T2 < ■ ■ ■ < 
ttv+i, Tj+i > Ti + h,i = 1,2, ... ,N , for some /i > 0. By Corollary 2, we need to 
show there is an equivalent probability measure Q such that {Y^-^,J^T^)iJl^ is 
a martingale under Q. We prove this using Lemma 3. So take any nontrivial 
predictable simple process 

N 
i=l 

We assume (7n / 0. Consequently, either P{gn > 0) > or P{gn < 0) > 0. 
So, we assume P{gn > 0) > 0. We can choose a big enough number M > 
such that the event A = aii^n+x -Yn) < M} Pi {5f„ > 0} has positive 

probability, namely P{A) > 0. We note that A G Then by the hypothe- 
ses of this lemma, we have P{{lAS^Vts^[i/2h,d\{XT+t — X^-) < — C}) > and 



NO ARBITRAGE WITHOUT SEMIMARTINGALES 



11 



infjg[i/2/i,d] (^T+t — > C}) > for any C > 0. Here, d is a num- 
ber greater than the bound of r„+i. Since V is bounded and r„+i >Tn + h, 
we have P{lA{Yr2 - >"ri) < -C) > and P(U(>"r2 -Yr,)>C)>0 for any 
C > 0. But the sum J2i=i 9i{Yn+i ~ is bounded on A, so we have that 
(H ■ Y)n is unbounded from below and above. Then by Lemma 3, there is an 
equivalent measure Q that makes 1^. ,i = l,2,...,A^ + l, a martingale. □ 

Theorem 5. Let be a moving average process as given in equation 
(1). Let the stationary centered Gaussian process Xf = ^i^(p{t — u) dW^ sat- 
isfy the following property: For any < 5 <T < oo, P(supjg[5 j"] -^t < > 
and P(infjg[5 > C) > for all C > 0. Then, for any bounded process 

V , the process Zf = Y^' + Vt does not have arbitrage in I[{F). In particu- 
lar, the process Zt = + Vt does not have arbitrage in n(F). Here, is 
fractional Brownian motion. 

Remark 1. We remark that in Lemma 4.2 of [4] Cheridito has shown 
that when ip = l(o,oo] (i)*'^""^''^ for H £ (0, i) U (i, 1), Xf satisfies the con- 
ditions of the above theorem. Then by using this lemma, he proved that 
the process B^^ + v(t), where v{t) is a deterministic function, does not have 
arbitrage in n(F). Our proof of the result might be considered more simple, 
and also it extends the result to the random case. 

Proof of Theorem 5. Let r be any bounded stopping time. By 
Lemma 4, we only need to check the process Zt = — Y^) satisfies 

P(sup(g[^ Zt < —C) > and P{mft^[s,T] < —C) > for any ^4 G 9^ with 
P{A) > and any < 6 <T < oo, C > 0. To prove these, we borrow the idea 
of the proof of Theorem 4.3 of [4]. Let 

0:= (wG C(M):a;(0) =0 and Vt GlR,lim^ =ol. 

I s^t^\t-s\log{l/\t-s\) J 

Let B be the cr-algebra of subsets of Q that is generated by the cylinder 
sets, and P be Wiener measure on {il.,B). Without loss of generality, we 
assume that (Y-l^) is defined on {i^,B, P) by the improper Riemann-Stieltjes 
integrals 

y,'^H= f [^{t-s)-^{-s)]dw{s). 

We define the filtration = {T^),t G M by 

jFp : = a{{uj G Q. : u;{s) < a} : -oo < s < t, a G M}. 

It is clear that J-^ contains the filtration = {J^Y'^)teM., which is given 
by 
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Therefore, r is also stopping time. Now we split each function w G at 
the time point t{uj). Let 

7riw(s) :=a;(s)l(„oo,rH](s), « G M, 
7r2a;(s) := a;(T(ti;) + s) — ti;(T(ti;)), s>0 

and let 

ni={TTi{uj) eR^:uj£ n}, 

Bi be the cr-algebra of subsets of that is generated by the cylinder sets. 

^2 = {7r2(w) G C[0,oo) iLJ G Vt} 

and B2 the cr-algebra of subsets of that is generated by the cylinder 
sets. It can be easily checked that the mapping tti:{(1,B) — > {Q.i,Boo) is 
measurable. On the other hand, since a Levy process "renews itself at 
stopping times" (see, e.g., [16], page 23), it follows that {i^2'^{s))s>o is a 
Brownian motion which is independent of J-^ . We have 

lA{Y^+t-y?)= r MT + t-s)-^{-s)]dWs+ [\{t-s)dWs. 
J -00 Jo 

Let 

C/t(u;i,cj2) := / [ip{T{uJi) + t - s) - ip{-s)]duji{s) 

J —00 

+ 1a(wi) / ip{t - s) duJ2is) 
Jo 

for uJi (z 0,i,uj2 & ^2 and t > 0. Then for all u; G and t>0, we have the 
following relation 

- Y^u;) = [/i(7ria;,^2^). 

For each fixed wi, the process 1a (wi) /^^^^ [(p{t{uji) + t — s) — f{—s)] duJi{s) 
is a continuous process and so 

sup 1a(wi) / [ip{T{uJi)+t-s)-ip{-s)]duJi{s)] 

tf^[5,T]\ J~oo / 

is finite. Since {Ut)te[[s,T] is a continuous stochastic process on (ili x i^2,Bi x 
B2), the set 

F := \{uJi,u;2) ^^1 X ^2- sup Ut{uJi,uj2) < -C > 
I te[<5,T] J 
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is Bi X B2-iiieasurable. It follows (see, e.g., Proposition A.2.5 of [13]) that 
for almost every u; G f2, 

^[lF(7ri,7r2) |^5^](a;) = </>(vriw), 

where the mapping 0:r2i ^ R is given by (p{uJi) := E[lA{uJi,'ir2)],(pi € ^i. 
Since (vr2w(t))t>o is a Brownian motion under P, by the condition of the 
theorem, it follows that for any fixed loiG A 



<p{uJi)=P 



sup Ut{uJi,7r2) < -C 

tG[<5,T] 



(3) 



> p 



sup 



t(wi) 



ip{T{ijJi) + t — s) — Lp{—s)\ duJi{s 
+ l^(a;i) sup / (^{t — s) d(jj2{s) < —C 



>0, 



Therefore 
P 



(4) 



sup u(y/+t-ir)<-c 

iG[<5,T] 



£;[li.(7ri,7r2)] =^[£;[li.(7ri,7r2) | ^^]] 



E[(l)o-K-{\ >0. 



By using the same argument above, one can prove P[\n.ii^^^x\ ^A{Y^^f — 
Y^) > C] > 0. This completes the proof of the theorem. □ 

As a corollary of the theorem, we state a property of fractional Brownian 
motion. 

Corollary 3. Let B[^,t(^ [0, c>o] be a fractional Brownian motion. Let 
Ti and T2 be any two bounded stopping times with T2 > ti + /i for some h> 0. 
Then for any C > and any A G .7>i with P{A) > 0, we have Pa{B^^ — 5^ > 
C7) > and Pa{B^, - < -<^) > 0- 

When ^ < H < 1, the fractional Brownian motion B^ admits the follow- 
ing integral representation 



B 



H 



KH{t,s)dBs, 



where B is the ordinary Brownian motion and the kernel KH{t,s) has the 
form 

■f\H~l/2 



KH{t,s) = CH 



H 



1 



,1/2-// 



(u-sf-'/^du 
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For each fixed i > 0, the kernel Kh defines an operator Kh in L{[Q^t])'^ by 

(/Ci^/i)(ti) = / KH{u,s)h{s) ds. 
Jo 

And for any absolutely continuous h, its inverse operator is given by 

H~ \ /2 

where denotes the left-fractional derivative, defined for t > by 

r.H-l/2,.,.. 1 ( fit) , l\ f fit)- f is) ^ 

""'^ ^^'^ = r(3/2 - H) + " 2 j lo it - 

Then for any adapted process fit,t G [0,oo) with Jq figds < oo a.s., the pro- 
cess = -\- Jq fj,s ds is again a fractional Brownian motion with Hurst 
parameter H in the interval [0,T], for fixed T > 0, under and equivalent 
change of measure Qt defined by = Ay if the following two conditions 
are satisfied 

(i) /q Us ds £ the image of ICh a.s. 

(ii) E{At) = 1 for any t>0, where 



ds I (s) ds I . 



A, = exp (- ^ (k- I d.) (.) dB. + (k- I „ 

Corollary 4. Assume Jq fis ds is in the image of ICh , cl-S- and E[At) = 1 
for any t> 0. Then the process Xf^ =: Bf^ + Jq figds + Vt satisfies the no ar- 
bitrage property in n(F) when ^ < H < 1, where V is any adapted bounded 
process. 



Proof. Take any element Hs = Z]r=i Cjl(ri,Ti+i] («) in n(F). Since the 
stopping times Ti,l < i < n + 1 are bounded, the process Hg is supported in 
some interval [0,T] for a finite T > 0. By Girsanov's theorem for fractional 
Brownian motions, the process B^^ + Jq fig ds is a fractional Brownian motion 
in the interval [0,T] under the measure Qt. Then by Corollary 3, we have 
QtHH ■ X)t < 0) > 0. This shows that our claim is true. □ 



4. Time changed processes. Time changes have recently become quite 
popular in the construction of price processes. The reader can consult, for 
example, any or all of [2, 9] and [10]. Therefore, it is interesting to check 
stability of our no arbitrage property under a time change. 

In this section, let F denote the underlying filtration satisfying the usual 
hypotheses, and let (t't)t>o denote a change of time, that is, {i^t)t>o is a 
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family of F stopping times such that vt[ijo) is right continuous and non- 
decreasing for almost all cj, vt <oo a.s. and z^o = 0. A continuous change of 
time is one where t —> 2/^(0;) is continuous for almost all to. We let F denote 
the time changed filtration given by J-t = Ty^ . 

In order to prove Theorem 6 which follows, we need to remark that Lemma 
1 holds under a weaker condition. To be precise, we state the new version. 
Note that the proof of Lemma 1 can be used to prove Lemma 5 with only 
slight modifications, and that if a process has no arbitrage for the class of 
simple predictable integrands of bounded support, then it a fortiori has no 
arbitrage for the Cheridito Class (CC). 

Lemma 5. A cadlag adapted process {Xt)t>Q satisfies the no arbitrage 
property in the class of simple predictable integrands of bounded support if 
and only if for any bounded stopping times ti > tq and any A S we have 

lA{Xr,-Xr,)£Ll_. 

By using the same reasoning as in the proof of Theorem 2, we can prove 
the following corollary. 

We remark that Delbaen and Schachermayer long ago considered the re- 
striction to simple integrands of bounded support, and showed in 1994 (cf. 
[5]) that NFLVR for this framework implies the existence of an equivalent 
local martingale measure (see their Theorem 7.6 of [5]). 

Corollary 5. Let St be a cddldg stochastic process adapted to the fil- 
tration F and let f be any strictly increasing or strictly decreasing function 
in a domain of the real line that contains the range of S. Then the no ar- 
bitrage property of S in S{¥) is equivalent to the no arbitrage property of 
Yt = f{St) in S{F) under any equivalent change of (probability) measure Q. 

Corollary 5 provides a wealth of examples of processes which are not semi- 
martingales (and, therefore, cannot satisfy NFLVR), but which nevertheless 
have the no arbitrage property in 5'(F). The following example, taken from 
[16], is typical. 

Example 7. Let -B be a one dimensional Brownian motion. Then the 
process If = B^^^ satisfies the no arbitrage property in S'(F), where F is the 
filtration of Y (which is the same as the filtration of the Brownian motion 
B). 

Of course, Y is the composition of B with the strictly increasing function 
f{x) = x^/^, and since B satisfies NFLVR, it is clearly a no arbitrage process, 
and hence so is Y by Theorem 5. 
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Here, we remark that the critical reason for us to be able to state both 
Theorem 2 and Corollary 5 is that we allow both short and long posi- 
tions of any amount in our trading strategies. More precisely for each H = 
-^i'^[Ti,n+-i_) either in n(F) or in 5(F), we allow Hi to be any random 
variable. If one considers the class of trading strategies that restricts Hi in 
both n(F) and S'(F) to be bounded random variables, one can still get a 
result as in Theorem 2. But if one adds a short sale restriction, namely if 
each Hi is only allowed to be a nonnegative random variable, then one can 
argue that result such as Theorem 2 does not hold in general. 

Another consequence of Lemma 5 is the following simple method to check 
for arbitrage. Due to this lemma, we can replace the class (CC) with the 
class of simple predictable integrands of bounded support. 

Corollary 6. A process {Xt)t>Q has arbitrage in the class of simple 
predictable integrands of bounded support if and only if its arbitrage strategy 
can be taken in the form l(ro,Ti] or — 1(t-q^t-i]) for two bounded stopping times 
0<ro<ri. 

Proof. If the process has arbitrage then by Lemma 5, there are two 
bounded stopping times ti < T2 and a nontrivial event A £ J^^i such that 
either PA^Sr^ < Sj-j) = 1 or PA^Sr^ > Sj-j) = 1 and Pa^St^ = Sj-j) < 1. This 
implies either 1aI(ti,t2] o^" ~^a^(ti,t2] is an arbitrage strategy. Define stop- 
ping times 

A/ \ f M, when u) 4 A, 
Tl (a;) = < , ^ . 

[Tl, when uj £ A, 



,\ — I ^1 when oj ^ A, 
T2, when uj £ A, 



where M is any number bigger than the bound of T2- Then 1a^[ti,t2\ — 
1(-^A ^A] and this completes the proof. □ 

Theorem 6. Let {Xt)t>o be an F adapted process satisfying the no arbi- 
trage property on S{¥). Let {i^t)t>o be a continuous change of time, such that 
ut is bounded a.s. for each t > 0. Let X = Xy^ , and Tt = ^ut . for t>0. Then 
the no arbitrage property of X on S{F) is equivalent to the no arbitrage 
property of the time changed process X on S{F). 

Proof. By Lemma 5, it suffices to check that for any two bounded 
stopping times tq < ti of F and for any A £ we have either Pa{Xt-^^ > 
Xtj^) and PA{Xra < Xrj) or Pa(Xt-„ = Xt^^) = 1. To do this, we first de- 
fine Cs = inf{t > 0:ff > s}. Since ut is continuous, we have — s- Note 
that all of Cs are F stopping times, and for any stopping time r of F, 
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since {I'r > s} = {Cs < t} G J-'cs = ^s, we know Ur is an F stopping time. 
So, and Un are bounded stopping times of F, and we have = J^v. 



^0 



Since X satisfies the no arbitrage property for S'(F), by Lemma 5 we have 
Pa (^1/^0 > Xy^^ ) and Pa^X^^^ < X^^^ ) or = X^^^ ) = 1 so the above 

conditions are satisfied. Now if X has arbitrage on S'(F), then by Corohary 
6 the arbitrage strategy can be taken in the form l(ro,Ti] or — .^^j for 
two bounded stopping times tq <ti. Then one can easily check that either 
^{0^0,0^-,] -l(C,o,C,J is an arbitrage strategy for X on 5(F). □ 

As an apphcation of Theorem 6, we have the fohowing theorem. 

Theorem 7. Let S be a semimartingale that admits an equivalent local 
martingale measure. Assume [S,S]t ^oo a.s. when t ^ oo and that [S,S]t 
is bounded, each t>0. Then 

Z^ = St + [S,S]f 

satisfies the no arbitrage property with respect to the class of simple trading 
strategies of bounded support [and thus a fortiori with respect to the Cheridito 
Class {CC)] when a > ^. 

Before proving Theorem 7, we estabUsh a lemma. 

Lemma 6. Let Bt be a Brownian motion and a > ^. Then the processes 
Yf^ = Bf -\- each satisfy the no arbitrage property with respect to simple 
predictable processes of bounded support. 

Proof. Take any two bounded stopping times < tq < ri. By Blumen- 
thal's — 1 law, we either have tq > a.s. or tq = 0. If tq > 0, then by 
Girsanov's theorem, we know the process Y" — (Y^Y" admits an equiva- 
lent martingale measure Q with density given by / = exp(— a J^^ t°'~^ dBt — 
^ fl^t^'^'^dt). So, we have EqY^ = EqY^ and this shows that neither 
l[ro,Ti] — l(^,j ,^^] can be the arbitrage strategy. Therefore, assume tq = 0. 
By the law of the iterated logarithm, liminfj^o — , = — 1. By 

ti/2^21oglog(l/t) 

writing Yf = Bt + t^l'^t'^~^l'^ and noticing that a > |, we see that the set 
{t:Y^"(aj) < 0} is dense near zero for almost all uj. The stopping times 
= inf{t > S\Y^ < —5} tend to zero a.s. as 6 goes to zero. Let 6 be small 
enough such that A =: {ts < ti} G has positive measure. Define 

7, when uj ^ A, 



and 



Ts, when uj ^ A, 

7, when lo ^ A, 
Ti, when Lo £ A, 
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where 7 is a number bigger than the bound of ri. Then the process IaI^"^ — 
^Y^otys ] admits an equivalent martingale measure Q and EqIaY^a = EqIaY^a- 
Since Y% < 0, we have EqIaY'\ < 0. This shows that P{Y^ < 0) > 0. Apply 

the same method and use the upper limit of the law of the iterated loga- 
rithm to get P{Y^ > 0) > 0. We conclude that 1^" satisfies the no arbitrage 
property. □ 

Proof of Theorem 7. Let Q be the local martingale measure for S. 
Let Vs = inf{t > 0| [S, S]t > s}, then is a Brownian motion under Q. We 
denote it by Bg. Then we have = -B[s,5]i + [S, 5"]", so is the time 
changed process of Bt + t°^. The result now follows by applying Lemma 6 
and Theorem 6. □ 

5. Hedging issues. In this section, we assume the price process 5" is a 
continuous semimartingale satisfying condition (*) of Theorem 1. We wish 
to discuss hedging possibilities. 

It is immediately apparent that the restriction of hedging strategies to 
the class CC greatly reduces the quantity of redundant claims, and essen- 
tially all interesting models will be incomplete. Indeed, even in the Brownian 
paradigm, one cannot have classical completeness without allowing all pre- 
dictably measurable strategies which are in L?'{dt x dP), where dt x dP is 
understood to be on [0,T] x Vt. This includes such unrealistic strategies as 
buying at rational times and selling at irrational times. 

Nevertheless, if we are in the Brownian paradigm, we can hope for an 
approximate completeness, in the sense that we can get arbitrarily close 
to a replicating hedging strategy in an appropriate norm. This idea was 
developed in a diff'erent context in [3], for example (alternatively, see [12]). 
However, we want to go beyond the usual Ito process framework to include 
price processes that normally have arbitrage opportunities, but do not within 
our framework of a restricted class of hedging strategies. 

Here, we do not try for maximum generality, but consider only those 
claims, which derive from the underlying in a very explicit way, that is, we 
consider only those contingent claims, which are twice Frechet continuous 
functionals of the stock price at time T. We further assume the spot in- 
terest rate is rj = 0, so we need not worry about the time value of money. 
Clearly we are not trying for maximum generality here (e.g., in the strict 
Brownian paradigm, we could replace Frechet diff'erentiable with Malliavin 
differentiable) , but we are trying only to illustrate what can be done. 

Since S" is a continuous semimartingale, we can employ the Ito represen- 
tation formula of Ahn [1], which works for a limited and somewhat special 
class of contingent claims. We recall Aim's theorem here for convenience. 
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Theorem 8. Let /:C[0,T] — >IR be a twice continuously Frechet differ- 
entiahle functional at each x G C[0,r] with respect to the sup norm. Then 
for a continuous semimartingale S and t G [0,r], we have 

(5) /(5*) = /(5°)+ [\rj,,Vf{Sn)dSs + l Ar?, 0r?„ V2/(5^)) 5]„ 
Jo ^ Jo 

where ijs = 1[s,t] is an element of the bidual (in the Banach sense) o/C[0, T], 
and the bracket (•,-) is used for dual pairs. Finally, the notation 5* refers to 
the stopped processes: S\ = Ssm- 

In Theorem 8 above, we can assume without loss of generahty that we 
are taking the predictable version of the integrands in equation (5). 
We need the following lemma. 

Lemma 7. The space (CC) is dense in 6L in the ucp topology. 

Proof. By standard results (e.g., Theorem 10 of Chapter II of [16]), 
we know that simple predictable processes are dense in in ucp, where 
ucp denotes uniform convergence in probability on compact time sets. Let 
{H^)n>i be a sequence of simple predictable processes converging in ucp to 
H €bL. Let us fix 5 > 0, and choose e > such that for some N we have if 
n> N, then 

p( sup \H^-Ht\>6) < J. 

\0<t<T / ^ 

Let us now choose and fix an uq > N, and by an abuse of notation, we here- 
after refer to no simply as n. We also suppress the nv superscript notation 
on the jump times. Let ri < r2 < • • • < r„ be the sequential jump times of 
and let 6{uj) = infi<j<„{rj_|.i(t(j) — Tj(a;)}. Since Tj+i — Tj > for all i 
and there are only a finite number of them, there exists a 5q such that 

p(^inf|T*+^-r'|<5o) <|. 

Let 

A= |w|inf|r*+^ -r^l <5o|- 

Note that we can assume without loss that P{A) < | by the strict positivity 
of the n < cxo random variables Tj+i — Tj. Next, let i'^lo) = inf{z : |Tj_|_i — Ti\ < 
So}, and let HI' = H]}^^. 

We need to show that if" is in the space (CC). Since changes values 
only by jumps, we need to show that the jump times of if" are at least 5 
apart, for some 6 > 0, with 6 nonrandom. Let r/i < 772 <"■■<% be the jump 
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times of i/". Since rji = Tif^y, for i < /^(w), the rji exhaust the jumps of H^, 
and since i < we have that iji — rn^i > 5q. We need to show that the 

random times r]i are, in fact, stopping times. To do this, we note that 

i 

(6) {i < z.} = fl {t, - T,_l > 5o} G J'r, , 

which imphes that 

<t} = {n;,^ <t} = {{n < t} n {i < v}} [J {{r^ < t} n {z/ = j}} g Tt. 

j<i 

(7) 

We conclude that is in the class [CC). 

To show that it approximates i/", we calculate 

p( sup |#" -Ht\>5]<p( sup - Htr.A + \HtAu - Ht\) > d) 

\0<t<T / \0<t<T / 

<pf sup IH^'-Ht^^lys) 

\0<t<T J 

+ P( sup \HtAu-Ht\ >6] 

\0<t<T / 

< pf sup - Ht^^l >6)+ P(A) 

\0<t<T / 

^ e e 

<- + -=£. 

- 2 2 
This completes the proof. □ 

We conclude with our desired result, where we use the semimartingale 
norm, as defined in Chapter IV of [16]. This theorem shows that if we 
first establish a tolerable level of error e in the semimartingale TC^ norm, for 
at least a certain class of contingent claims, we can approximately hedge in 
class (CC) to within a prescribed error e. 

Theorem 9. Let f:C[0,T] -^M. be a twice continuously Frechet differ- 
entiable functional at each x £ C[0,T] with respect to the sup norm, and let 
C = f{S) be a contingent claim whose semimartingale representation given 
in Theorem 8 is in . Given e > 0, we can find a hedging strategy H'^ in 
the class CC such that the Ti^ norm of f{S), taken on [0,T], is within e of 
the TC^ norm of /q dSs- 

Proof. We know by Theorem 2 of Chapter IV of [16] that the space 
6L (bounded, adapted processes with paths which are left continuous with 
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right limits) is dense in bounded predictable processes. By Theorem 4 of 
Chapter IV of [16], we know that bL is dense in bV (the bounded, predictable 
processes) in the semimartingale TC^ norm, following the definitions given in 
Chapter IV of [16]. In addition, we recall that simple predictable processes 
are dense in bL in the ucp topology, and hence also in the Ti^ norm. The 
result then follows by Lemma 7. □ 

REFERENCES 

[1] Ahn, H. (1997). Semimartingale integral representation. Ann. Probab. 25 997-1010. 
MR1434134 

[2] Carr, p. and Wu, L. (2004). Time-changed Levy processes and option pricing. 

Journal of Financial Economics 71 113-141. 
[3] Qetin, U., Jarrow, R. A. and Protter, P. (2004). Liquidity risk and arbitrage 

pricing theory. Finance Stock. 8 311-341. MR2213255 
[4] Cheridito, p. (2003). Arbitrage in fractional Brownian motion models. Finance 

Stock. 7 533-553. MR2014249 
[5] Delbaen, F. and Schachermayer, W. (1994). A general version of the fundamental 

theorem of asset pricing. Matk. Ann. 300 463-520. MR1304434 
[6] Delbaen, F. and Schachermayer, W. (1995). Arbitrage possibilities in Bessel 

processes and their relations to local martingales. Probab. Tkeory Related Fields 

102 357-366. MR1339738 
[7] Delbaen, F. and Schachermayer, W. (1998). The fundamental theorem of 

asset pricing for unbounded stochastic processes. Math. Ann. 312 215-250. 

MR1671792 

[8] Delbaen, F. and Shirakawa, H. (2002). A note on option pricing for the CEV 

model. Asian Pacific Financial Markets 9 85-99. 
[9] Geman, H., Madan, D. and YOR, M. (1998). Asset prices are Brownian motion 
only in business time. Working paper, Univ. Maryland. 

[10] Huang, J. Z. and Wu, L. (2004). Specification analysis of option pricing models 
based on time-changed Levy processes. Journal of Finance 59 1405-1439. 

[11] Jarrow, R. and Protter, P. An introduction to financial asset pricing. 

In Elsevier Handbook of Financial Engineering. To appear. Available at 
http : //legacy . or ie . Cornell . edu/~pr otter/finance .html. 

[12] Jarrow, R. and Protter, P. Liquidity risk and option pricing theory. 

In Elsevier Handbook of Financial Engineering. To appear. Available at 
http : //legacy . or ie . Cornell . edu/~pr otter/finance .html. 

[13] Lamberton, D. and Lapeyre, B. (1996). Introduction to Stochastic Calculus Ap- 
plied to Finance. Chapman & Hall, London. Translated from the 1991 French 
original by Nicoleis Rabeau and Frangois Mantion. MR1422250 

[14] Lo, A. W. (1991). Long-term memory in stock market prices. Econometrica 59 1279- 
1313. MR1434408 

[15] McBeth, D. W. (1991). On the existence of equivalent local martingale measures. 

Ph.D. dissertation, Cornell Univ. 
[16] Protter, P. E. (2005). Stochastic Integration and Differential Equations^ 2nd ed. 

Version 2.1. Stochastic Modelling and Applied Probability 21. Springer, Berlin. 

Corrected third printing. MR2273672 
[17] Revuz, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd 

ed. Crundlehren der Mathematischen Wissenschaften (Fundamental Principles 

of Mathematical Sciences) 293. Springer, Berlin. MR1725357 



22 



R. A. JARROW, P. PROTTER AND H. SAYIT 



[18] Rogers, L. C. G. (1997). Arbitrage with fractional Brownian motion. Math. Finance 
7 95-105. MR1434408 

[19] SCHACHERMAYER, W. (2003). Introduction to tlie mathematics of financial markets. 

In Lectures on Probability Theory and Statistics (Saint-Flour, 2000). Lecture 

Notes m Math. 1816 107-179. Springer, Berlin. MR2009817 
[20] SONER, H. M., Shreve, S. E. and Cvitanic, J. (1995). There is no nontrivial 

hedging portfolio for option pricing with transaction costs. Ann. Appl. Probab. 

5 327-355. MR1336872 



R. A. Jarrow 

JOHNONSON Graduate School of Management 
Cornell University 
Ithaca, New York 14853 
USA 



P. Protter 
OKIE 

Cornell University 

Ithaca, New York 14853-381 

USA 



H. Sayit 

Department of Mathematics 
Worcester Polytechnic Institute 
Worcester, Massachusetts 01609 
USA 

E-MAIL: hs@wpi.edu 



